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In this paper it has been proved that if q is an odd prime, qc7 ðmod 8Þ; n is an odd
integer55, n is not a multiple of 3 and ðh; nÞ ¼ 1, where h is the class number of the
ﬁled Qð
ﬃﬃﬃﬃﬃﬃ
q
p
Þ, then the diophantine equation x2 þ q2kþ1 ¼ yn has exactly two families
of solutions ðq; n; k; x; yÞ. # 2002 Elsevier Science (USA)
Key Words: diophantine equations; Lucas sequence; primitive divisors.Many special cases of the diophantine equation x2 þ qm ¼ yn, where q is a
prime and m; n; x; y are positive integers have been studied in the last few
years. When q ¼ 2 and m is an odd integer, Cohn [3] has proved that this
equation has exactly three families of solutions. When q ¼ 3 and m is an odd
integer, Arif and Abu Muriefah [1] proved that this equation has one family
of solutions and recently Luca [5] has shown the existence of exactly one
family of solutions when q ¼ 3 and m is an even integer. In this paper, we
study this equation when q is an odd prime and m; n are odd integers. The
main result of this paper is
Theorem 1. The equation
x2 þ q2kþ1 ¼ yn; ð1Þ
when q is an odd prime, qc7 ðmod 8Þ; n is an odd integer 55; n is not a
multiple of 3 and ðn; hÞ ¼ 1, where h is the class number of the field Qð
ﬃﬃﬃﬃﬃﬃ
q
p
Þ
has exactly two families of solutions given by
q ¼ 19; n ¼ 5; k ¼ 5M ; x ¼ 22434  195M ; y ¼ 55  192M ;
q ¼ 341; n ¼ 5; k ¼ 5M ; x ¼ 2759646  3415M ; y ¼ 377  192M
We ﬁrst consider the case when ðq; xÞ ¼ 1. We prove the following.95
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ARIF AND MURIEFAH96Theorem 2. Equation (1) where n and q satisfy the conditions in
Theorem 1 has no solutions for ðq; xÞ ¼ 1, except when q ¼ 19; 341.
Proof. Without loss of generality, we can suppose that n ¼ p, where p is
an odd prime not equal to 3. Also when q ¼ 3, Eq. (1) has been proved to
have no solutions in [1]. So we can assume that q55. Factorizing Eq. (1) we
get
ðxþ qk
ﬃﬃﬃﬃﬃﬃ
q
p
Þðx qk
ﬃﬃﬃﬃﬃﬃ
q
p
Þ ¼ yp:
Since qc7 ðmod 8Þ, y is odd and x is even. Also ðq; xÞ ¼ ðq; yÞ ¼ 1, therefore
the ideals ðxþ qk
ﬃﬃﬃﬃﬃﬃ
q
p
Þ and ðxþ qk
ﬃﬃﬃﬃﬃﬃ
q
p
Þ are relatively prime. Since the class
number of the ﬁeld Qð
ﬃﬃﬃﬃﬃﬃ
q
p
Þ is not divisible by p, as remarked in [4, p. 370],
we have the following two possibilities:
I: xþ qk
ﬃﬃﬃﬃﬃﬃ
q
p
¼
aþ b
ﬃﬃﬃﬃﬃﬃ
q
p
2
 !p
if q  3 ðmod 8Þ;
a  b  1 ðmod 2Þ; ð2Þ
II: xþ qk
ﬃﬃﬃﬃﬃﬃ
q
p
¼ ðaþ b
ﬃﬃﬃﬃﬃﬃ
q
p
Þp; ð3Þ
where a; b are rational integers. We discuss the two cases separately.
Case I. Equating imaginary parts in (2), we obtain
2p  qk ¼ b
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðqb2Þr: ð4Þ
Since y ¼
a2 þ qb2
4
, therefore ðq; aÞ ¼ 1. Also b is odd, so b ¼ qt; 04t4k.
1. b ¼ 1. Then Eq. (4) implies that
2p  qk ¼
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðqÞr:
If k ¼ 0, then this equation modulo p implies that
2p  2  1 ðmod pÞ, which gives p ¼ 3, so k > 0, q divides p and
hence p ¼ q. So
2p  qk ¼
Xðq1Þ=2
r¼0
q
2r þ 1
 !
aq2r1ðqÞr: ð5Þ
Dividing Eq. (5) by q, since ðq; aÞ ¼ 1, we deduce that k  1 ¼ 0. Then
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2  2q  aq1  1 ðmod qÞ:
So q ¼ 3 ¼ p, which is not true.
2. b ¼ qt, where 05t5k. Then (4) becomes
qkt  2p ¼
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðq2tþ1Þr;
which implies that p ¼ q. So dividing by q, we obtain
qkt1  2q ¼ aq1 
Xðq1Þ=2
r¼1
q
2r þ 1
 !
aq2r1ðq2tÞrðqÞr1:
This equation is not possible modulo q unless k  t  1 ¼ 0 and then q ¼ 3,
which is not true.
3. Finally if b ¼ qk, then (4) becomes
2p ¼
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðq2kþ1Þr:
Clearly p=q. Considering modulo p, we obtain 2  2p 
ðq2kþ1Þðp1Þ=2  1 ðmod pÞ, so that p ¼ 3, which is not true.
Case II. Equating imaginary parts in (3), we get
qk ¼ b
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðqb2Þr: ð6Þ
Since y ¼ a2 þ qb2, therefore ðq; aÞ ¼ 1. Also y is odd, so a and b have
opposite parity. From (6) we deduce that b is odd and a is even, so diﬀerent
possible values of b are:
1. b ¼ 1. Then (6) becomes
qk ¼
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðqÞr:
If k ¼ 0, then
1 ¼
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðqÞr: ð7Þ
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Dividing by q; and considering modulo q, since q > 3, we deduce that k ¼ 1
and only the positive sign holds. So we have
1 ¼ aq1 
Xðq1Þ=2
r¼1
q
2r þ 1
 !
aq2r1ðqÞr1: ð8Þ
2. b ¼ qt; 05t5k. Then from (6) we get
qkt ¼
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðq2tþ1Þr:
Considering this equation modulo q, we conclude that p ¼ q. Then dividing
by q, we note that k  t  1 ¼ 0 and only the positive sign holds.
Consequently, we have
1 ¼ aq1 
Xðq1Þ=2
r¼1
q
2r þ 1
 !
aq2r1q2rðk1ÞðqÞr1 ð9Þ
and it is clear that Eq. (8) is the same as Eq. (9) with k51.
We shall prove that (9) does not hold for any value of q.
It is obvious that q  1 ðmod 4Þ. Let q 1 ¼ 2s  q0 where ð2; q0Þ ¼ 1 and
s52. Then from (9) we get
1   qðq1Þðk1ÞðqÞðq3Þ=2 ðmod 2sþ1Þ
  q2
sq0ðk1Þ ðqÞð2
sq02Þ=2 ðmod 2sþ1Þ
 q2
s1ðq01Þ ðmod 2sþ1Þ
consequently, q  1 ðmod 2sþ1Þ, which is a contradiction.
3. b ¼ qk. Then (6) becomes
1 ¼
Xðp1Þ=2
r¼0
p
2r þ 1
 !
ap2r1ðq2kþ1Þr: ð10Þ
If k ¼ 0, we get Eq. (7).
In summary we have proved that to solve Eq. (1), it is suﬃcient to
consider Eq. (3) where a is an even integer, b ¼ qk and a;p; q satisfy
Eq. (10).
Let a ¼ aþ eqk
ﬃﬃﬃﬃﬃﬃ
q
p
and %a ¼ a eqk
ﬃﬃﬃﬃﬃﬃ
q
p
, where e ¼ 1. Then from (3),
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ap  %ap
a %a
¼ 1: ð11Þ
Now a
%a is a root of the equation yZ
2  2ða2  q2kþ1ÞZ þ y ¼ 0. Also
ða2  q2kþ1; yÞ ¼ 1 and y > 1, so a
%a is not a root of unity. Moreover,
ðaþ %a; a%aÞ ¼ ð2a; a2 þ q2kþ1Þ ¼ 1:
Therefore the sequence uk ¼ a
k%ak
a%a is a Lucas sequence and it has been proved
in [2] that uk has primitive divisors for all prime values of k > 13, which
contradicts (11) and so (3) has no solution for all p > 13. Also for k 2
f5; 7; 11; 13g there are precisely 10 Lucas pairs ða; %aÞ for which uk does not
have primitive divisors and all these sequences have been listed in [2]. We
deal with each of these values of k separately.
When p ¼ 13, the only Lucas pair without primitive divisors as given in
table of [2] belongs to Qð
ﬃﬃﬃﬃﬃﬃ
7
p
Þ, but q=7 by supposition. If p ¼ 11, there is
no Lucas pair without primitive divisors. So under the given conditions, our
equation has no solution for p ¼ 11 and 13.
Now let p ¼ 7. Then there is no Lucas pair ða; %aÞ without primitive
divisors of the desired form a ¼ aþ eqk
ﬃﬃﬃﬃﬃﬃ
q
p
with a even. When p ¼ 5, the
only Lucas pairs of the required form are a ¼ 6þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
19
p
and 6þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
341
p
,
giving a ¼ 6; k ¼ 0 and q ¼ 19; 341. Consequently, we get two solutions of
Eq. (1) with ðq; xÞ ¼ ðq; yÞ ¼ 1, namely
ðq; n; k; x; yÞ ¼ ð19; 5; 0; 22434; 55Þ and ð341; 5; 0; 2759646; 377Þ:
This completes the proof of Theorem 2. ]
Proof of Theorem 1. Equation (1) has no solution for x when ðq; xÞ ¼ 1
except for q ¼ 19 and 341 by Theorem 2. So suppose that qjx and let
x ¼ qsX ; y ¼ qtY , where ðq;X Þ ¼ ðq; Y Þ ¼ 1; s > 0 and t > 0, then Eq. (1)
becomes
q2sX 2 þ q2kþ1 ¼ qntY n:
We have three possibilities:
1. 2k þ 1 ¼ minð2s; 2k þ 1; ntÞ. Then we get
qðqsk1X Þ2 þ 1 ¼ qnt2k1Y n:
Considering this equation modulo q, we get nt  2k  1 ¼ 0, so that
qðqsk1X Þ2 þ 1 ¼ Y n:
ARIF AND MURIEFAH100This equation is known to have no solution [6].
2. nt ¼ minð2s; 2k þ 1; ntÞ. Then
q2sntX 2 þ q2kþ1nt ¼ Y n:
This equation is possible only if 2k þ 1 nt ¼ 0 or 2s nt ¼ 0. If
2k þ 1 nt ¼ 0, then like case 1, it has no solution and if 2s nt ¼ 0, we get
X 2 þ q2ðksÞþ1 ¼ Y n;
which according to Theorem 2 has no solutions, except when
q ¼ 19; k ¼ s; n ¼ 5 or q ¼ 341; k ¼ s; n ¼ 5:
From 2s ¼ 5t, we deduce that 5js, so let s ¼ 5M . Then the corresponding
solutions of (1) are exactly the ones we claimed in the statement of the
theorem.
3. 2s ¼ minð2s; 2k þ 1; ntÞ. This case, when treated like the previous two
cases, does not give us any solutions.
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